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Abstract. Ductile fracture occurs due to micro-void nucleation, growth and, finally coalescence 
into micro-cracks. These micro-cracks grow as the deformation progresses. Nowadays, 
continuum damage mechanics model is employed as one of the tools to predict the micro-crack 
initiation. In this work, damage growth in different types of notched specimen in tension test is 
studied using this model. A new non-linear damage growth law proposed by the authors, based 
on the experimental results at IIT Kanpur, is used.  
It is well-known that, in round (i.e. without a notch) specimen, the triaxiality increases at the 
center but remains constant at the outer surface as the deformation progresses. However, in 
notched specimen, the trend of the variation of the triaxiality with equivalent plastic strain is 
different at the center than at the outer surface. Therefore, the location of the maximum damage 
and hence that of the micro-crack initiation can shift from the center to the outer surface 
depending on the notch radius.  
It is observed that the failure strain in notched specimen is much less than that in the round 
specimen as reported in the literature. 
1 INTRODUCTION 
      Experimental studies on the fracture in notched specimen seem to have been done first by 
Hancock and Mackenzie [1]. They performed experiments on three low-alloy quenched and 
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tempered steels to obtain the plastic strain for initiating ductile fracture in axisymmetric notched 
specimen (i.e., in multi-axial state of stress). They observed that the plastic strain at failure, 
among other things, depends on triaxiality. They also generated a failure locus, i.e., the graph of 
triaxiality verses the plastic strain at failure. Later, Hancock and Brown [2] performed the finite 
deformation finite element (FE) analysis of both the plane strain and axisymmetric notched 
specimen of two grades of plain carbon steel using an early version of MARC FE Program. They 
obtained the variation of triaxiality with the equivalent plastic strain. They observed that whereas 
the equivalent plastic strain is almost uniform over the cross-section, the triaxiality varies over the 
cross-section: decreasing from the centre towards the outer surface. They also generated the 
failure locus (i.e., the graph of triaxiality verses the plastic strain at failure) by measuring these 
values at failure.  Alves and Jones [3] also performed experimental and numerical analysis (using 
ABAQUS) of axisymmetric notched specimen of mild steel to study the effect of hydrostatic 
stress on failure. They also obtained the variation of triaxiality with the equivalent plastic strain. 
Their failure locus is in the form of the graph of the equivalent plastic strain verses the triaxiality. 
They generated this failure locus by measuring these values at failure. They also observed that the 
triaxiality influences the equivalent plastic strain at failure.     
It is now well-known that the ductile fracture occurs due to micro-void nucleation, growth and 
finally coalescence into a micro-crack [4]. In Continuum Damage Mechanics (CDM) model, the 
effect of void growth on material behaviour is incorporated by introducing a continuum variable, 
called damage, in the constitutive relation. The damage at a point represents the void density at 
that point. For the prediction of fracture, besides the damage-dependent elasto-plastic constitution 
relation, an evolution law for the void growth, called the damage growth law, is also needed.  The 
critical value of damage, based either on experimental observations or a void coalescence 
condition, is used as the fracture initiation criterion. According to continuum thermodynamics, 
the rate of damage growth is the derivative of the damage potential (a part of the dissipation 
potential) with respect to the dissipative part of the thermodynamic force corresponding to the 
damage rate. Lemaitre [5] has proposed a damage growth law based on a simple expression for 
the damage potential. Further, in order to evaluate the constants in this damage growth law from 
tension test, he assumed that the triaxiality (the ratio of the hydrostatic part of the stress to the 
equivalent stress) remains constant even after necking and the material behaves like a perfectly 
plastic material at the point of fracture. Therefore, the Lemaitre’s damage growth law gives a 
linear variation of the damage with equivalent plastic strain. However, for many steels, 
experimentally, this variation is observed to be non-linear.  
As seen from the literature survey, there seem to be very few attempts to study the ductile 
fracture in notched specimen using the Continuum Damage Mechanics Model. The objective of 
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this paper is to study the damage growth in axisymmetric notched specimen. The simulation of 
damage is carried out using the finite element package ABAQUS/Standard. The material used is 
IS2062: 2006 GR E410W A steel for which the non-linear damage growth law, proposed by 
Kumar and Dixit [6], is used.   
2 CONTINUUM DAMAGE MECHANICS, ELASTO-PLASTIC CONSTITUTIVE 
EQUATION AND DAMAGE GROWTH LAW 
      The damage variable (D) at a point, when assumed isotropic, is defined as the area void 
fraction in a plane passing through the point. That is 
   0
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where A  is an infinitesimal area around the point in some plane and  vA  is the area of voids 
traces in that plane contained in A .  
For a damaged material, the plastic potential is given by [5] 
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where 1F  and DF  are the plastic potentials associated with yielding and hardening and the 
damage respectively. In equation (2), (-Y) is the dissipative part of the thermodynamic force (-Y) 
corresponding to the damage rate. It can be shown that [5] (-Y) is equal to the strain energy 
release rate (at constant stress) due to damage. Then, (-Y) becomes the work-conjugate variable 
corresponding to D that is given by. 
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Here, E is the Young's modulus, ν is the Poisson's ratio, m  the mean part of the Cauchy stress 
tensor ij  and eq  is the equivalent stress related to the deviatoric part 'ij  of  ij . The quantities 
m  and eq  are defined by the relations:  
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The ratio  m eq   is called the triaxiality. Further, in equation (2), peq  is the equivalent plastic 
strain (used as the hardening parameter for the case of strain hardening) that is defined by  
   p peq eqd   ;     23
p p p
eq ij ijd d d                (6) 
where, peqd  is called the equivalent plastic strain increment and pijd  is the plastic part of the 
incremental linear strain tensor:  
   
 , ,12ij i j j id du du                  (7) 
Here, idu is the incremental displacement vector and the comma denotes the derivative with 
respect to a component of the position vector. 
The principle of strain equivalent states that the deformation behaviour of a damaged material can 
be represented by the constitutive law of the virgin material (i.e., damage free material) if the 
Cauchy stress is replaced by the effective Cauchy stress. The effective Cauchy stress tensor ( *ij ) 
is defined as  
    
*
1
ij
ij D
                   (8) 
It is assumed that 1F  (i.e., the plastic potential associated with yielding and hardening) is given by 
the von Mises yield function. Modifying it for a damaged material by using the principle of strain 
equivalence, using the associated flow rule for obtaining the incremental plastic stress-strain 
relation and adding to it the incremental elastic stress-strain relation, the incremental elasto-
plastic stress-strain relationship becomes 
   
EP p
ij ijkl kld C d                  (9) 
where the fourth order elasto-plastic constitution tensor is given by 
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Here,   is the shear modulus and 'H  is the slope of the hardening curve, which is modelled by 
the Ludwik’s power law: 
    0( ) ( )p nY Y eqK                            (11) 
where  0Y  is the initial yield stress and K and n are the hardening parameters. The incremental 
stress in equation (9) has to be objective. One of the commonly used incremental objective stress 
tensor is the product of the Jaumann stress rate tensor and incremental time.   
Based on the experiments conducted at IIT Kanpur on IS2062: 2006 GR E410W A steel, the 
following expression is proposed for DF  (i.e., the potential associated with damage): 
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                                     (12) 
where 0a and 0b are the material constants that are determined from experiments. As stated earlier, 
the incremental damage growth law is obtained as the derivative of DF  with respect to ( )Y :   
   
= (1 )
( )
pD
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F
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-Y
                           (13) 
Then, using the expression (12) for DF , the incremental damage growth law becomes 
      p0 0 eqdD a exp b Y d                            (14) 
Values of the material constants 0a  and 0b  are found from the experiments. Equation (14) states 
that the damage growth depends on two continuum parameters: (i) triaxiality through (-Y) 
(equation 3) and (ii) equivalent plastic strain 
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3   RESULTS AND DISCUSSION 
     Because of the symmetry of the geometry and loading about the three coordinate axes, only a 
one-eighth of the cylindrical specimen is considered for the analysis (Fig.1). The symmetry 
boundary conditions (zero incremental normal displacement and zero incremental shear stress) 
are applied on the three symmetry planes. The cylindrical surface is stress-free. The plane z = 0 is 
subjected to a known value of the incremental normal displacement. (Thus, the problem is done 
as the displacement-control problem.). The geometric dimensions of the specimen are given in 
Table 1. 
  
 
Figure 1: Domain of the problem: one eighth of the cylindrical specimen 
Table 1: Specimen details 
Specimen No. Notch Radius (R) mm a (mm) d (mm) 
Unnotched Infinite 0 0 
A 
TYPE-U of specimen with 
some a value and d =3.8mm 
constant  
R=3.80 3.80 3.80 
B R=2.54 1.26 3.80 
C R=1.27 1.90 3.80 
D   
TYPE-C of specimen with 
a=0mm and d has some value 
R=0.64 0 6.97 
E R=1.27 0 6.33 
F R=1.90 0 5.70 
 
R
L = 70 mm
a
d
R0 
y 
  z 
y 
x
R0=7.6 mm
d 
625
Manoj Kumar and P. M. Dixit 
  
As stated earlier, the material used is IS2062: 2006 GR E410W A steel. Its properties and the 
constants appearing in the damage growth law (equation 14) are provided in Tables 2 and 3 
respectively. 
Table 2: Material properties of the steel used 
in analysis 
 E 
(GPa) 
  0( )Y  
(MPa) 
K  
(MPa) 
n 
200 0.3 220 579 0.431
 
Table 3: Damage parameters in the damage 
growth law  
a0  b0   
(MPa-1) 
Critical Damage value 
( Dcr) 
0.0045 2.62  0.420 
The damage analysis is done using ABAQUS/Standard Finite Element (FE) Software [7] using 
linear elements of type CAX4. The damage growth law (equation 14) is incorporated through a 
user defined material model subroutine (UMAT). At each increment, the incremental damage at 
the Gauss points is calculated using equations (14) and (6-7). The damage is updated after each 
increment. The analysis is terminated when the damage reaches the critical value.   
First, the UMAT is validated by comparing the predicted results for unnotched (i.e. a=0, d=0) 
cylindrical specimen with the experimental results of Kumar and Dixit [8]. As the necking starts, 
the one-dimensional state of stress changes to axisymmetric state of stress. All the four non-zero 
components of the stress and strain vary with the radial and axial coordinates. As a result, both 
the equivalent plastic strain and triaxiality vary with these coordinates. Therefore, the damage 
also varies with these coordinates.  
Figure 2 shows the variation of damage with equivalent plastic strain at two points on the z-plane 
of symmetry in the unnotched specimen (i.e., necked cross-section): one at the centre and the 
other at the outer surface. Experimentally, only the average damage can be measured over a 
cross-section. The experimental result [8] of the variation of the (average) damage with the 
(average) equivalent plastic strain is also shown in the figure. These points lie in the band formed 
by the two simulated damage curves: one at the centre and the other at the outer surface. Figure 3 
shows the damage contours over a typical y-z plane of the domain which indicate that the 
maximum damage occurs at the centre of the necked cross-section. Figure 4 shows the 
comparison between the simulated true stress-true strain (or logarithmic strain) curve with 
experimental results [8]. The true stress is computed by dividing the current axial force with the 
current area at the necking cross-section. The true (or logarithmic) strain is calculated as the 
natural logarithm of the ratio 20( / )d d  where d and 0d  are the values of the initial and current 
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diameters of the necking cross-section. It is observed that the simulated true stress-strain curve 
(with damage) follows the experimental trend quite well.  
 
Figure 2: Variation of damage with 
equivalent plastic strain at the necked cross-
section in unnotched specimen 
 
Figure 3: Damage contours in a 
typical y-z plane of unnotched 
specimen 
 
Figure 4: True stess verses equivalent plastic strain for unnotched specimen 
The variations of triaxiality with the equivalent plastic strain at the notched cross-section for 
type-U specimen (A-C) are shown at two locations: in Fig. 5 at the centre and in Fig. 6 at the 
outer surface. The variation for the unnotched specimen is also shown in these figures. It is 
obserbed that the trixiality increases with the equivalent plastic strain at the center of the 
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specimen. However, the trend is opposite at the outer surface. The maximum damge occurs at the 
center of specimen (Fig. 7) and therefore, the fracture initiates at the centre.   
The variations of triaxiality with the equivalent plastic strain at the notched cross-section for 
type-C specimen (D-F) are shown at two locations: in Fig. 8 at the centre and in Fig. 9 at the 
outer surface. Here, it is observed that the trixiality decreases with the equivalent plastic strain at 
the center of the specimen and the trend is opposite at the outer surface. The maximum damge 
occurs at the outer surface (Fig. 10) and therefore, the fracture initiates at the outer surface.  
 
Figure 5:Triaxiality verses equivalent plastic 
strain at center for type-U specimen  
 
Figure 6:Triaxiality verses equivalent plastic 
strain at outer surface for type-U specimen
 
Figure 7: The damage countors in x-z plane for type-U specimen 
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Figure 8: Triaxiality verses equivalent plastic strain 
at center for type-C specimen 
 
Figure 9: Triaxiality verses equivalent plastic strain 
at outer surface for type-C specimen  
 
Figure 10: The damage countors in x-z plane for type-C specimen 
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The graph of the true stress verses the equivalent plastic strain (upto the critical damage) for type-
U notched specimen (A-C) is shown in Fig. 11. It is observed that the fracture strain for notched 
specimen is less than that in the unnotched specimen. This is in agreement with the experimental 
results of Hancock and Mackenzie [11]. 
 
 
Figure 11: True stress verses equivalent plastic strain for type-U notched specimen 
 
For unnotched specimens, both the triaxiality and equivalent plastic strain are maximum at the 
centre. Therefore, the damage is maximum at the centre and thus, the fracture initiation also starts 
at the centre. However, for notched specimens, it is not possible to say, a priori, where the 
fracture initiation would take place. For type-U notched specimen, the triaxiality is maximum at 
the center but the equivalent plastic strain may be maximum at the outer surface, depending on 
the notch severity. Thus, for notched specimen, the notch severity determines the location at 
which the combination of triaxiality and equivalent plastic strain (as given by equation 14) would 
make the damage to reach the critical value. It could be either at the center or at the outer surface. 
4   CONCLUSIONS 
The following conclusions can be drawn from the present study: 
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 For the notched specimen of type-U, the triaxiality at the centre of the necked cross-
section increases with the equivalent plastic strain but decreases with it at the outer 
surface. Further, the maximum damage occurs at the centre. 
 In the sharp notched specimen of type-C, the triaxiality at the centre of the necked cross-
section decreases with the equivalent plastic strain but increases with it at the outer 
surface. Further, the maximum damage occurs at the outer surface. 
 The failure strain in notched specimen is much less than that in the round (i.e., unnotched) 
specimen. This is in agreement with the results reported in the literature. 
In order to find the fractured surface in notched specimen, one needs to use the critical damage 
criterion for locating the points at which a micro-crack initiates and then deleting the 
corresponding elements by using VUMAT. 
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